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L. Of the Bafes of the Cells awberein the Bees
depofite their Homey. Part of a Latter
Jrom My. Mac Laurin, Profeffor of Ma-
thematics at Edinburgh, and F.R.S. to
Martin Folkes, Efg; Pr.R.S.

Fune 30.1743,

gonal Form, has been admired
of old; and that Figure has been
taken notice of, as the beft they could have pitched
upon for their Purpofes: But a yet more furprifing
Inftance of the Geometry of thefe little Infeéts is
feen in the Form of the Bafes of thofe Cells, difco-
vered in the late accurate Obfervations of Monfieur
Maraldi and Monfieur de Reaumnr, who have
found thofe Bafcs to be of that Pyramidal Figure, that
requires the leaft Wax for containing the fame Quan-
tity of Honey, and which has at the fame time a very
remarkable Regularity and Beauty, conneted of
Neceflity with its Frugality.

Thefc Bafes are formed from Three equal Rbom-
bus’s, the obtufe Angles of which are found to be
the Doubles of an Angle that often offers itfelf to
Mathematicians in Queftions relating to Maxima and
Minima; that is, the Angle, whofe Tangent is to
the Radius, as the Diagonal is to the Side of the
Square. By this Conftruttion, of the Six folid Angles

at the Bafe that correfpond to the Angles of the
Eccc Hexa-
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Hexagon, Three are equal as well to each other, as
to the folid Angle at the Apex of the Figure, each
of which folid Angles is refpe&tively formed from
Three equal plane obtufe Angles: And the other
Three folid Angles are alfo equal to each other, but
feverally formed each from Four equal plane acute
Angles, Supplements to the former obtufe ones.

By this Form the utmoft Improvement is made of
their Wax, of which they are on all Occafions very
faving, the greateft Regularity is obtained in the
Conftrution, and with a particular Facility in the
Execution ; as there is one fort of Angle only with
its Supplement, that is required in the Structure of
the whole Figure.

Monfieur Maraldi * had found by Menfuration,
that the obtufe Angles of the Rhombus’s were of
110 Degrees ncarly 5 upon which he obferved, that
if the Three obtufe Angles which formed the folid
Angles above-mentioned, were fuppofed equal to each
other, they muft each be of 109°. 28’; from whence
it has been inferred, that this laft was really the true
and juft Meafure of them: And lately Monfieur e
Reaumur 1 has informed us, that Mr. Koénsig having,
at his Defire, fought what thould be the Quantity to
be given to this Angle, in order to employ the leaft
Wax pofiible in a Cell of the fame Capacity, that
Gentleman had found, by a higher Geometry than
was known to the Antients, by the Mcthod of Infi-
nitefimals, that the Angle in queftion ought in this
Cafe to be of 109°. 26°. And wec fhall now make

# Memoires de P Acad. Royale des Sciences, 1712,
T Memoires [ur les Infeles, Tom, V.
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it appear from the Principles of common Geometry,
that the moft advantagcous Angle for thefe Rbhombus's
is indeed, on that Account alfo, the fame which
refults from the fuppofed Equality of the Three plane
Angles that form the above-mentioned folid ones.
Let GN and N M reprefent any Two
adjoining Sides of the Hexagon, that is, ngila{;dz,
the Se&tion of the Cell perpendicular to
its Length. The Sides of the Cell are not complete
Parallelograms as CGN K, BMN K, but Trapezia
CGNE, BMNE, to which a Rhombus CE Be,
is fitted at £, and that has the oppofite Point ¢ in the
Apesx of the Figure, fo that Three Rbombus’s of this
kind, with Six Trapezia, may complcte the Figure of
the Cell. Let O be the Centre of the Hexagon, of
which CK and K B are adjoining Sides; join CB
and K O, interfe@ing it in 45 and, becaufe CO B is
equal to CK B, and KE equal to Oe¢, the Solid
E BC Kis equal to the Solid e BCO ; from which it is
obvious, that the Solid Content of the Cell will be
the fame, where-cver the Point £ is taken in the
Right Line X N, the Points C, K, B, G, N, and M,
being given. We arc thercfore to inquite where
the Point £ is to be taken in X N, fo that the Area
of the Rhombus CE Be, togcther with that of the
Two Trapezia CGNE, ENMB, may form the
Leaft Superficies, Becaufe Ee is perpendicular to
BCin A, the Area of the Rhombus is AEXBC,
that of the Trapezia CGNE, ENMB, is
CGHENX KC; thefe, added to the Rbombus,
amount to AEXBCH+2KNXKC—KEXKC;
and becaufe 2 K Nx KC is invariable, we arc to
Eccc 2 in-
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inquire, when AEXBC—KEXKC is a Mini-
mum?

Suppofe the Point L to be fo taken upon K N,
that KL may be to AL as KCis to BC. From
the Centre A defcribe in the Plane 4 K E with the
Radius AE, an Arc of a Circle £ R meeting A L,
produced, if neceflary, in R; let £} be perpendi-
cular to AR in //; and K H be perpendicular to the
famein H'5 then the Triangles LEV, L K H, L AK,
being fimilar, we have LV:LE ::LH:LK::
LK:L.A4:: (bythe Suppofition laft made) K C: BC.
Hence, when E is between L and N, we have
LHYLV (=VH): LK+LE (=KE) ::
KC:BC; and when E is between K and L, we
have LH—LV(=VH): LK—LE (=KE)::
KC:BC; that is, in both Cafes we have K E x
KC=VHxXBC; and confequently 4 ExBC—
KExKC=AEXBC—VHXxBC=AE—VH
XBC=AR—VHXBC=AH+V R x BC;
which, becaufe 4 H and BC do not vary, is evident-
ly Leaft when 27 R vanifhes, that is, when £ is upon
L. Therefore CL B/ is the Rhombus of the moft
advantageous Form in refpetof Frugality, when X L is
toALas KCisto BC. Thisisthe fame Method by
which we have elfewhere determined the Maxima
and Minima, in the Refolution of feveral Problems
that have ufually been treated in a more abftrufe Mar,
ner.  See Treatife of Fluxions, Art. 572, &c.

Now becaufe O X is bife&ted in 4, KC* =0 K?
=4AK*; and 4C*=3A4AK?*, or BC=2 AC=
2y 3XAK; confequently KC:BC:: 24K :24/3
XAK::i1:v3, and KL: AL ;; (KC: BC) ::

1:v3;
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1:v3, ot AL:AK::4/3:4//2; and (becaufe
AK:AC::1:4/3) AL: AC ::1:4/2; that is,
the Angle CL A is that, whofe Tangent is to the
Radius as\/ 2 isto 1, Or as 14142135 tO 100000003
and therefore is of 54°. 44’. 08/, and confequently
the Angle of the Rbhombus of the Beft Forim is that of
109°. 28'. 16’/

By this Solution it is further cafy to eftimate what
their Savings may amount to upon this Article, in
confequence of this Conftru@ion. Had they made
the Bate flat, and not of the pyramidal Form defcribed
above, then, befides completing the Parallelograms
CGNK and BMN K, the Surface of the Bafe had
been 3C BxX A K5 what they really do form amounts
in Surfacc tothe fame Parallelograms, and 3 CBx 4 H :

the Savings thercfore amount to 3 CBx 4 K—AH
=3CBx AHx ‘—/—i"/—"z—‘-/—l, which is almc a Fourth-

part of the Pains and Expence of Wax, they beftow
above what was neceflary for completing the paral-
lelogram Sides of the Cells: And at the fame time
they fcem alfo to have other Advantages from
this Form, befides the (aving of their Wax; fuch as
a greater Strength of the Work, and more Conve-
niehce for moving in thefe Jarger folid Angles.

It remains that we fhould thew, that the plane
AnglesCL B, CL N, and B L N, are equal to cach
other.  We before found, that KL: AL ::
KC:BC:: KA: (=3KC) 4C; confequently
KL:KdAd::AL: AC, and the Triangles L K A,
L AC, arc {imilar: Therefore LK: AL ::
AL:LC::KC:BC::1:4/3,and LC =3 L X.
With the Centre L and Radius LC, de-
fcribe in the Plane CG N K the Semicircle %\B- I
‘D CP, mecting the Line K N, inDand P; ~° %

join
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join CP and CD, and let L Q be perpendicular to
CP in @, then will the Angle CDK be cqual to
QLP,andwethallhave PQ: L Q:: PC:DC::
VPK:v/DK:. v/ LC+LK:VLC—LK::
Vaiy2::y/2:1::.4C: AL. Confequently the
Angle QLP = ALC,and CLP=CL B, or the
obtufe Augle of the Rhombus CL B/ is cqual to
CL P, the obtufc Anglc of the Trapezium; and
confequently, the Three plane Angles that form the
folid Angle at L, or the Apex at /, arc equal to each
other: From which it is obvious, that the Four acute
plane Angles, which form the folid Angle at C or B,
are likewife equal among themfelves.

Though Monficur Marald: had found, by his Men-
furation, thefe obtufe Angles to be of about 110
Degreess the fmall Difference between this and the
109°. 28’. 16’/, jult found by Calculation, fcems
to have been cither accidental, or owing to the Difhi-
culty of meafuring fuch Angles with Exadnels:
Befides that he feems to admit the real Equality of
the feveral plane Angles, that form as well the Apex,
as the other folid ones we have been treating of.
And, as to the fmall Difference between our Angle
and that determined by Mr. Koenzz, who fitft confi-
dered this Problem, but has not yet publifhed his
Dcmonftration of it, that can only be owing to his
not carrying on his Computation fo far, and would
fcarcely have been worth the mentioning, were it
not yet in Favour of the Practice of thefe induftrious
little Infe@s; and did it not thercfore give us ground
to conclude, that in gencral, and when the parti-
cular Form and Circumflance of the Honecy-comb

docs not requirc a Variation from their Rule,
the
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the Bees do truly conftru¢t their Cells of the beft
Figure, and that not only nearly, but with Exactnefs;
and that their Proceeding could not have been more
perfect from the yeatcﬁ Knowledge in Geometry.
How they arrive at this, and how the wonderful
Inftin& in Animals is to be accounted for, is a
Qucflion of an higher Nature; but this is furely a
remarkable Example -of this Inflin&, as it has fug-
gefted a Problem that had been overlooked by Ma-
thematicians, though they have treated largely on
the Maxima and Minima ; and fuch an one, as has
been thought to cxceed the Compafs of the common
G-'eom'etm'

It may be worth while to add here, that if the
Cells had been of any other Form than hexagonal,
and the Bafes had ftill been pyramidal, thefe muft
have been terminated by Trapezia, and not by Rhom-
bus’s, and thercfore had been lefs regular, becaufe
O A and 4 K would have been unequal : Nor could
there have been room for. fuch an advantageous or
frugal a Conftru@ion as that we have defcribed, becaufe
the folid Content of the Cell would have increafed
with the Right Line K £. The Cells, by being
hexagonal, are the moft capacious, in proportion to
thcxr Surface, of any regular Figures that leave no
Infterftices between thcm, and_at the fame time
admit of the moft perfe&t Bafes.  Thus, by following
what is beft in one refpect, unforefecn Advantages
arc often obrained; and what is moft beautiful and
regular, is alfo found to be moft ufcful and ex-
cellent.

11, 4
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